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Abstract-Hurwitz formula for the generalized zeta function C(s, a) has been established under 
condition h(s) = c < 0. Using the same contour integral, the proof proposed in this paper allows 
the extension of this formula into the critical strip, 0 < o < 1. A similar result is obtained for the 
related function (l/F(s)) jam z8-i (eeaz/( 1 + ee5)) dz, 0 < a 5 1. @ 2001 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
Hurwitz formula [l, p. 2691 
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Re(s) = 0 < 0, O<a<l, 
plays a fundamental role in the theory of the generalized zeta function <(s, a), originally defined 
by the series [l, p. 2651 
C(sya) = i?&~ O<a<l, s=o+it, o>l. (1.2) 
This remarkable formula carries into the negative half plane 0 < 0, properties and information 
of great importance established over the years in the half plane CJ > 1. However, it should be 
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pointed out that the “usual” proof, using contour integration, breaks down if one attempts to 
extend this formula into the critical strip, 0 < 0 .< 1; and yet, from the series representation (1.1)) 
this extension seems likely when 0 < a < 1. If this is to be true, changes have to be made in 
the “usual” proof in order to obtain a complete justification. In this paper, a modified proof of 
Hurwitz formula is proposed, using the same contour integral. It is interesting to note that the 
method given here includes not only the half plane 0 < 0 (when 0 < a 5 l), but also the critical 
strip, 0 < 0 < 1 (when 0 < a < 1). In addition to the function <(~,a), a similar formula is 
obtained for a closely related function [2, p. 211 
1 M s-l eda” dx 
77(S,U) := r(s) o 2 s 1 +e-” ’ (T > 0, O<a<l, 
which when a = 1, reduces to the sum of the classical series 
q(s, 1) = ~(-l)n-ln-s, cl > 0. 
n=l 
(1.3) 
2. HURWITZ FORMULA EXTENDED 
INTO THE CRITICAL STRIP 
THEOREM 1. 
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(r < 0, 0 < a I 1; 0 < 0, a < 1). 
PROOF. Let f(z) = (-~)S-l(e--aE/(l - em*)), and consider the usual contour integral (l/(274) 
Jr f(z) dz, where I’, = &UC,; C, is a loop integral around the positive real axis starting at z = 
-_i2n+1)*eSi”, goes inward to the point p < r, encircles the origin once in the positive direction, 
and, returns along the lower edge of the “cut” to the point z = -(2n + l)reiR; C, consists of 
a large circle: -Z = l&eie, R, = (2n + 1)X, 0 : T > -r. The integrand has simple poles at 
z = f2nmi (m = 1,2,. . . , n) between 13, and C,. The sum of the residues at z = 2rmi and 
z = -2nmi is 
Res {f; 27rmi) + Res{f; -27rmi) = 2(27rm)+l sin 
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hence, by the residue theorem, 
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To show that the contribution from the large circle tends to zero as n > co, let 
c,’ : -_z = he”‘, 
C; : --z = &eie, 
On C$, we have 
11 - e-‘(-l 5 M, for a constant M > 0, and 
(2.2) 
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On C;, consider the following two separate cases. First, if (T < 0, 0 < a 5 1, the estimate is the 
same as in the “usual” proof. Since ]e-Oz/(l - emZ)] 5 K for a constant K > 0, 
Second, if 0 < (T, a < 1, we have (on C;) 
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as n t co. Hence, the contribution from the large circle C, tends to zero as n --) co. Finally, 
from the integral representation of <(s, a) [3, p. 2661 
where Jz+’ denotes the usual Hankel contour not containing any of the poles of 1 - e-“, we 
obtain, as n + 00, 
<(~,a) = 2I‘(l - s) 2 (27~n)~-~ sin (27rarn + is,> , 
m=l 
which is simply another form of (2.1). 
3. HURWITZ TYPE FORMULA FOR +,a) 
THEOREM 2. 
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(a < 0, 0 < a 5 1; 0 < U, a < 1). 
PROOF. Except for minor changes, the arguments are similar to those in the proof of Theorem 1. 
Let f(z) = (-z)“-l(e-“*/(l + e-=)) and (l/(274) Jr, f(z) dz be the contour integral where 
I’, = ,Cc, U C,. Here C, is the circle of radius 2nn. The poles are at z = f(2m + l)?ri, and 
Res {f; (2m + 1)7ri} + Res{f, -(2m + l)ai} = 2 ((2m+ 1)7r)“‘sin (2m + l)a?r + is7r) . 
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By the residue theorem, we have 
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Keeping in mind the notation in the proof of Theorem 1, we have on Cz: 
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Now, consider the contribution on C;. When u < 0 and 0 < a I 1, we have ]eeaz/(l + 
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(a < 0, 0 < a I 1; 0 < f.7, a < l), 
which is none other than formula (3.1). 
REMARK. If n is a positive integer, q(-n,a) = (l/2)&( a , w ) h ere En(a) is known as an Euler 
polynomial. Theorem 2 of thii paper is to be compared with the following formula found in 
[4, p. 8051: 
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NOTE. In [5, Theorem 12.61, it is mentioned that Hurwitz formula (1.1) remains valid for 0 < 
(r, a < 1. The different types of convergence of the Dirichlet series under consideration and 
the analytic continuation of the integral representation formula for <(~,a) have been discussed, 
respectively, in Chapter 11 and Section 12.5 of the same book. However, assumption g < 0 
is essential in the “usual” proof of Hurwitz formula, as done in [l, p. 268; 2, p. 181, and even 
in a relatively recent textbook on analytic number theory [5, p. 2571. As a matter of fact, 
the arguments in the “usual” proof are no longer valid if we include the critical strip. The proof 
proposed in this paper, where sharper estimates are used, allows the extension of Hurwitz formula 
into the critical strip. In view of the importance of this formula in many branches of Analysis, 
this proof which is new to the best of the author’s knowledge, seems to be useful in the study of 
other special functions. 
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